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Abstract

In this note, we investigate the efficiency of the greedy algorithm for the classes of multivariate periodic
functions with low mixed smoothness in L, with regard to the wavelet-type basis. We find that the order of
greedy approximation in the case of low smoothness is different for some range of parameters.
© 2005 Elsevier Inc. All rights reserved.

MSC: 41A25; 41A46; 41A63; 42C40

Keywords: Greedy algorithm; Functions with low mixed smoothness; Wavelet-type basis

1. Introduction and main results

Let 79 = [0, l]d be the d-dimensional torus, and let L, := L4([0, 1]‘1), 1<qg < oo, be the
Banach space of measurable functions f(x) = f(x1, ..., xq), which is 1-periodic with respect
to each variable. Its norm is defined by

1/q
IIfIIq:=<f If(x)lqu> .
[0,1]4

The aim of this note is to investigate the efficiency of the greedy algorithm for the classes
of multivariate periodic functions with low mixed smoothness in L,. Denote by D the set of
dyadic intervals of [0, 1], each interval I in D being of the form I = [j27%, (j + 1)27K],
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k=0,1,2,..., j=0,1,...,2F — 1. Denote by D¢ the set of all dyadic intervals of [0, 1]¢,
each I € D¢ being of the form I = I} x --- x Iy with Iy, ..., I; € D. Assume that a given
system @ = {¢;},;.pu of functions ¢; indexed by dyadic intervals can be enumerated in such a
way that {¢; }?":1 is a basis for Ly (1< g < 00). Then we define the greedy algorithm GL (-, @)
(1<g < o0) as follows. Let

F=)"ci(f. O ci(f.q.®) = lles(f. D)l

Jj=1
Denote by A, the set of m dyadic intervals such that

min ¢;(f,q, ®)> sup c;(f, q,D).
IeA, JéA,

The set A,;, may not be unique but if this happens we may take any of such sets. We define the
greedy operator G7(-, ®) by

Gh(f)==GhL(f. @) = > c/(f. D).

IeA,

The operator G (-, @) is a non-linear and discontinuous operator (see [1,9,10,13]).
Let us recall the definition of the best m-term approximation. Denote by M,, (D) the set of all
linear combinations of the form

8= Z ar¢r.

IeA,

where A, is a set of m dyadic intervals, a; are real numbers. For a function class F C L,, we
consider the quantity

om(F, (I))q = sup op(/f, cD)q :=sup inf | f— gllg-
feF feF §EMu (D)

We call the quantities o, ( f, ®)4 and 7, (F, @), the best m-term approximation of f and F with
regard to @, respectively (see [1,9,10,12,13]).

Fore C eq = {1,2,...,d},r > 0, let D’ f(x) = (Hjeea%

J

derivative of f in the sense of Weyl (see [6,7]). Then the Sobolev classes M W;, of functions with
mixed derivative are defined as follows:

) f(x) be the generalized

MW, =1 f € L0, 1) | 1 fllwy ==Y D" fll, <17, 1<p < oo,

eCeq

Letr > 0,andlet/ > r be a fixed positive integer. Then the H6lder-Nikolskii classes MH’, of
functions with mixed difference are defined in the following way (see [6,7]):

MH', := { f € Ly(0, U I fllay =D sup [[1;7 - 1AL fl, <1}, 1<p < oo,

eCey t>0 jee
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wheret = (11, ...,14) >0, (i.e., ; >0, j=1,...,d),and

Aef@ =T A, | re,

jee
: !
A ) = Z(—l)l_k<k)f(x1, e Xkt Xa).
k=0

Denote by O the set of all orthogonal bases on [0, 1]¢. For the above classes and the anisotropic
classes, Temlyakov proved that the orthogonal basis U¢ formed from the integer traslates of the
mixed dyadic scales of the tensor product multivariate Dirichlet kernel (or more generally, the
wavelet-type basis P9, see the definition in Section 2) is optimal in the sense of order among all
orthogonal systems for some range of parameters (see [9,10]). For example, for 1 < p < oo, r >
(1/2 — 1/p), it was shown in [9] that:

On(MW',, 0); := inf 6,/ (MW',, D)y < 6,(MW",, U%),,
DeO

om(MH',, 0)y := inf 6, (MH',, D), < 0,y (MH',, U"),.
DeO

Furthermore, Temlyakov proved that for all 1 < ¢, p < oo, the orders of the best m-term
approximations a,, (MW’,, U d)q and o,,(MH" , U d)q can be achieved by the greedy algorithm
Gi(-,U%.Forl < p,q < oo,

. )max(1/p,1/2) = 1/q, q=>2,
ri(p, q) = { (max(2/p,2/q) — D/q, g <2,
_a/p=1/9)+. 922,
r(p,q) = { (max(2/p,2/q9) —1/q, q <2,

Temlyakov obtained the following results (see [9]):

o (MW’ Ud)q = sup |f—GL(f, Ud)||q = m™" (logy m)@=r,

feMw!,
if r > ri(p, ), (1.1)
on(MH',, Uy < sup ||f = Gh(f, U]y = m™ (logy m) @~ DU+,
feMH),
if r > r2(p, ), (12)

where a := max{a, 0}; A < B means that A < B and B < A; and A < B means that there exists
a positive constant ¢ such that A <cB.

However, for the wavelet-type basis w9, the greedy algorithm G, (-, w?) does not provide
asymptotically optimal error for the best m-term approximation, since the following result holds
(see [8,13]):

sup IS = Gin(S, ¥)ly [on(f, W) = (ogam) @2V (1 < g <o) (13)
€Ly

The above formula (1.3) shows that using the greedy algorithm G}, (-, P49y we lost near-best
accuracy for some functions f € Ly, g # 2, while (1.1), and (1.2) indicate that for all 1 <
q, p < oo and big enough r, the orders of the best m-term approximations ¢, (MW", ‘Pd)q and
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om(MH’,, ‘I’d)q can be achieved by the greedy algorithm G2, (-, ¥¢). How about the efficiency
of the greedy algorithm for the classes MW’ , MH ; without sufficiently large r ? For the Sobolev
classes MW;,, the case 1 < p<2<¢g < oo has been studied in [9] forall ¥ > 1/p — 1/q. In the
case 1 < p < 00,1 < g < 2 we can extend the results of [9] to the case of low smoothness
(the order is the same). The most interesting case is 2 < g, p < oco. Here we prove that the
results from [9], concerning the greedy algorithm, cannot be extended in their form to the low
smoothness case. We discover a new phenomenon: the order of greedy approximation in the case
of low smoothness is different. This phenomenon is known in the case of Kolmogorov’s widths
(see [4,5]). For the Holder—Nikolskii classes, we also obtain the upper estimates in the case of
low smoothness. Our main results are the following.

Theorem 1. Let 1 < p,q < oo. Then for (1/p —1/q); <r<1/2—-1/q, p > 2, g > 2,we
have

d—r
2(r+1/q) ,

sup  |If — G (f, ¥l = m™" (logy m)
femMw,

and for (1/p —1/q)+ <r<(max(2/p,2/q) — 1)/q, q < 2, we have

sup  |If — Gy (f, ¥Dlly = m™" (logy m)@=r.
feMw:,

Theorem 2. Letl < p <00, 1 <q <2,andr > (1/p—1/q)+.Thenforr < (2/p—1)/q, p <
2, we have

1 .
sup I f — GL(f, Wy <m ™ (logy m) @™ Va7,
feMH),

forr=Q2/p—1)/q, p <2, we have

sup || f — G (f, ¥llg <m ™" (log, m) =D 100, (log, m),
feMH’,

and for p > q, 2/p —D4/q <r<(@2/q —1)/q, we have

sup  ||f — G (f, ¥y <m ™" (logy, m) @~ DU+,
fEMH;,

Remark 1.1. The lower estimate corresponding to the third upper estimate in Theorem 2 follows
from [9] (see [9] or Lemma 2.1 in Section 2).

Remark 1.2. We do not know the exact orders of g, (MW’ , ‘I’d)q for2 < p, g <oo, (1/p—

/)4 < r<1/2 — 1/q and 0, (MH,, ¥, sup |f — Gh(f, ¥, for I < p, ¢ <
feMH),

2, I/p—1/9)+ <r<(2/p—1)/q.Itis an open problem.

Remark 1.3. For 1 < p,g < oo, r > (1/p — 1/q)+, from the above upper estimates and the
known lower estimates of the best m-term approximation (see [9] or Lemma 2.1 in Section 2),
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we get
_ Gq \de
_ sup repwr, ILf = G (f, ¥ g
- T (MW P,
)(dil)r(l/2—r—l/q)

<:(logzm e g >2,r<1/2-1/q,

1, g<2orq>2,r=(1/2-1/q)+
and

_ SuPsem IS GhL(f. ¥l

A om(MH", P?),
(d—l)w

(log, m) Wt pog <2, r<2/p—1/q,

<] log,(logy m), p.g <2 r=Q2/p-1/q,

1, gz2orq <2, r>Q2/p—1+/q.
2. Wavelet-type system and lower estimates

First, we discuss the wavelet-type system pd — {Y;};epa. Forany s € Zd, 5§20 (.e.,s;>0,
j=1,....d),wewrtep(s):={I =I; x---x I; € D?| [1j]=27%, j=1,2,...,d}, where
|1;| denotes the length of the interval [;. It is easy to see that #p(s) = 2151 where #p(s) denotes
the number of intervals in p(s), |s| ;=81 + -+ + 54.

We suppose the system W satisfies the following properties:

€))] ¥4 is a basis of the space L, ([0, 11%) (1 < p < 00), that is, for each f € L, ([0, 19, f
has a unique representation

F= fvr =Y 0fs Of =Y fiyy fri=ci(f, ¥

IeDd 520 Iep(s)

and the sum converges in L,. Furthermore, the system ¥ is L p-equivalent to the Haar
1, te€][0,1/2),

systemHe (1 < p <oo).LetH(t) =4 —1, te[l1/2,1), hi(t) =2"*HQ"t —k),fora
0, otherwise

dyadic interval I = [k27", (k+ 1)27"] € Dand hjo,1)(t) = 1. For I =11 x --- x I; € D,

we set

hi(x) =hp(x1)---hp(xg), x = (x1,...,%q0).

We say that the system ¥ is L p-equivalent to the Haar system H? = {hy} 1epa if for any
finite set A C D4 and for any coefficients ¢y, we have (see [2])

Doty = | e

IeA » IeA »
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Applying the methods in [2] or [11], we know that the system P satisfies the Littlewood—
Paley inequalities:

1 1

A = S 1am | | = 1D losr | ] - @1

IeDd s=0
p 4

(2) Forany I € D1 < q, p < 0o, we have

S

- o1 |/p-172 = -7
Il =<1, Wgllp < ] Wl < Wllg - 1117 9. (2.2)
(3) For f € L,([0, 119, 1 < p < 0o, we have
P
W6 £ =1 D" | = D Ifsllh. 2.3)
ITep(s) p ITep(s)

(4) For1 < p < oo, r > 0, we have the following representation theorems of functions with
mixed smoothness by pe.

i 1/2
— 2 . 2
Ay =< (| D2 11172 | fiha =< D 2o, | : (2.4)
1eD4 s=0
p P
£ 1y = sup 2781116, £11,. 2.5)

s2>0

We say that W9 is a wavelet-type basis, if the system V¢ satisfies the above conditions, From
[9,3,12], we know that the basis U 4 the basis V formed from the integer translates of the mixed
dyadic scales of the tensor product multivariate de la Valleé Poussin kernel, and the multivariate
tensor product periodic wavelet basis W¢ with co-regular univariate wavelet, all they are examples
of wavelet-type bases. From [9] we know the following

Lemma 2.1. Suppose that 1 < p,q < oo,andr > (1/p —1/q)+. Then

O (MW, ) >m ™" (logm)“= 1",

o (MH",, W)y >m™" (logm) =D/, (2.6)
Lemma 2.2. Suppose that?2 < q < oo,and (1/p — 1/q)y <r<1/2—1/q. Then

(d—1)r
sup [If — G (f. ¥ g >m ™" (logy m) 21/,
feMW;7

Proof. Choose two positive integers J and [ such that m =< 277971 27+ <m and 2! =<

(lo m)(d_l).Chooseso € Zd, so=0suchthat |so| = J+1.LetA:={l: |[| = 2—J+1’}’ B :
&

, 2= +1/g)
p(so),whereZZ = (log, m)(d R .Then#B = 27! <m.Letgay = ZIGA |I|1/2_1/ql//1,
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g8g = Y sep 111V*7140y . From (2.2) we know that there exists a constant ¢ > 0 such that
fo— GL(fo. W) = 8Aq> Where fo = gaq + cgp,- Then by (2.1) and (2.4) we have

1/2

lgagly =200V | [ 33 _ pU—1a =12
Islhi=d—t' Tep(s)
and
llgagllwr =< 21/ 1) g4
P

Since

1/p
“ng”W[I = 2(J+l)(1/q—1/2)2r(l+l) (Z ”1,01”5) - 2(J+l)(r+l/q)’
lIeB

we obtain

I follwr = 20+HVOU=) g4 4 HUHDE+1/a) — o+l =1) 45
P

and

sup [1f — G (Dllg > gagllg / 1l follwr,
feMW!,

< 2U=10/g =1/ (T -1 j= 5L 5= jd=D IS
Lemma 2.2 is proved. 0

Remark 2.1. In the proof of Lemma 2.2, it is essential that the basis is equivalent to the tensor
product Haar basis. Here properties (2.2)—(2.5) (with exception of the middle part in (2.4)) would
be not sufficient for the given estimate. Also the example used in this proof does not improve
(2.6).

3. Upper estimates
For f € L4([0, 1]d), 1 < g < oo, we have

F=Y fryr=Y 0f GhH)=GhrL ¥ =" fiy,.

I1eDd 520 IeA,

where A, is a set of m dyadic intervals satisfying

Vg = Vo (f) == min [|f1y;llg= sup [[f1;llg- (3.1
IeA, JéA,

Fors € Zd, s >0, we set
p(s) = A N p(s),  p'(s):=p(s)\ p'(s).
Choose a positive integer J such that

m>2#(um<, p(s)), m =27 Ji-1, (3.2)
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Then

I =GhPOllg= > D s <122 D fiva| =D T

s=0 Iep’(s) q n=0||[s|=n I€p”(s) q n>=0

Lemma 3.1. Suppose 1 < p < oo. Then for any f € MW’ , we have
1/p1 1/ pu

> arrsls, £y <l flwy < | Do 27 o, f1p" ,

s=0 s=0

where p; == max(2, p); py, = min(2, p).

271

(3.3)

(3.4)

The proof of the case r = 0 (where || f| wo = | f1I)is given in [6], the proof of the case r > 0

is similar, we omit it.
Lemma 3.2. Suppose that f € MW}, andr>1/t — 1/q. Then we have

2=+ =5 2<r<q < oo,

v, =
q Vq(f)<{2_(r+1/q)11—“217 | <1<q <2.

Proof. Fort < g, f € MW/, we have
#'()) Ve < Y Ml < Y 20Oy fg g

Iep/(s) Lep'(s)
< 2(1/f—1/61)t\sl||5sf||§'

Since

m-VE="#(0/(5)) - VIS V! #(Ujs < 1p(5)) + VY- #1210/ (5))

forr>1/t —1/q, t>2,by (3.2) and (3.6) we get

2 T VI VE # U p () < Y 2005
|s|>J

Forr>1/t —1/q, t =2, by (3.4) we have

2]](1—1 . vql <2—(r—1/t+l/q)] Z 2rtn||5yf”§ <2—(r—1/t+1/q)].

|s|>J
And for 1 < r<q < 2,by (3.7) and (3.4) we have
=t /2
2
2]](1'—1 . Vql < Z 2—(r—l/t+l/q)\s|t~ﬂ X Z 22r‘S|||5Yf||t2
|s|>J |s|>n

< 2~ =1/1H1/t] jd-1)2-0)/2

Hence (3.5) holds. The proof of Lemma 3.2 is complete. [

(3.5)

(3.6)

3.7)
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Applying the same methods as in Lemma 3.2, we can get

Lemma 3.3. Letl <t,qg <00, g <2, f €e MH!,andr > (1/t — 1/q)4+. Then we have

V, = V,(f) <27 (3.8)

Remark 3.1. The case 1 < r<g < 2 in Lemma 3.2 follows from [9, Lemma 3.1], Lemma 3.3
follows from [9, Lemma 2.1]. In general, the technique for upper estimates here is a refinement
of the technique from [9].

Lemma 3.4. Let 1 < t<q < oo. Then for f € MW/, we have

T, == Z Z 1y, <2—(r—l/t+1/¢1)tn/qn(d—1)qz;qVql*f/II_ 3.9)

— /"
[sl=n I€p”(s) q

Proof. By (2.1) and (2.4) we get

1/2
o< || Y. D Ifihl? ;
|s|=n I€p”(s)
q
12
I =< | [ D222 Y 1fml? : (3.10)
n=0 |s|=n Iep(s)
t
Then, by (3.1) we have
q/2
YooY P
|sl=n I€p”(s)
q/2
g Z Z 2—2rtn/q . 22rtn/q |f1h1(x)|2
[sl=n I€p”(s)
1/2 (g—0)/2
_ 2rtn
< D2 YD 2ifihioP Yo Y fih))
|sl=n Iep”(s) |s|=n Iep'(s)
t/2 (g—1)/2
_2rtn _
< Z Z 22m|f1hl(x)|2 Z 2 q,,2 2(1/2 l/q)l‘lznvq2
|s|=n Iep”(s) |s|=n
t/2
<2_(r_l/t"l‘]/q)tnn(d—l)(q—l)/2qu_t Z Z 22rn|flhl(x)|2
[s|l=n Iep”(s)

Using (3.10) we get (3.9). Lemma 3.4 is proved. [
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Lemma 3.5. Let 1 < g, p<t<2 < 00. Then for f € MH'" , we have

T, :

>0 fin

[s|l=n Iep”(s)

q

Proof. Using the similar methods as in Lemma 3.4, we get

T, :

S>T A

|s|=n Iep’(s)

q

ST | < Y

[s|l=n Iep”(s)

S 20 S

|s|=n Iep”(s)

Z om(1/g=1/1) Z Lfrvslly - Vg

|s|=n Tep'(s)

Z omn(1/q=1/t)ypn(1/p—1/q) Z ||f11/11||£

[s|=n

|s|=n

(t=p)n
2w | Y 18Il

1/t

Tep(s)

1-p/t
Vq

< 27 P=C=p) /1y @Dty 1=/t

1/t

O

t

1/t

<2*(’?*0*1’)/(1)71/1”(61*1)/lVql_l’/’.

DL,

[s|l=n || I€p”(s)

Vqlfp/l

t

t

1/t

273

@3.11)

Lemma 3.6. Let2 < p<q < o0, and f € MW,. Then for 1/p —1/q <r <1/2—1/q, we

have

If —Gh(f)ly <277 7@

Proof. Let! = [u(d —1)log, J], u =

If =GhHllg< D Tt Y, Ti=T+T".

n<J-l

r(1/2 (f+|/f1))

1/2—(r+1/q)

r+1/q

n>J—l

Using Lemma 3.2 with 1/t =r + 1/q, 2 <t < p, we get

Vy <2*(’+1/11)J J—@=DHir+1/q)

Applying (3.9) with t = 2 and p, we get
Z T, < Z 2= (r=1/2+1/q)2n/q , (d=1) 7= Vl 2/q

n<J-l

n<J-l1

. By (3.3) we have

« 2201241/ =D/q yd=D (2—<r+1/q>1 J—<d—1>(r+1/q>>1‘2/q

< 2—rJJ(d 1}

r(1/2 (r+1/q))

(3.12)
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and

- Z T < Z 2_(r_1/p+l/q)p"/qn(d71)q2;f(2—(r+1/q)JJ—(d—l)(r+l/q)>l_l’/q

n>J—l n>J—l

« 22—/ p+1/@pl/g yd=)(1/2=r=1/9)(1=p/q) gop—r) y@d—D LR

Lemma 3.6 is proved. [

Lemma 3.7. Suppose that f € MW", 1 < p<q < 2, 1/p—1/q < r<Q2/p—1)/q or
2<p<Lg<oo, r=1/2—1/q. Then we have

If = GL(Hllg<27".
Proof. By (3.3) we have

If =GhPlg< Y Tut ) Ti=T1+T2

n<J n>J
Using Lemma 3.2 with = min(p, 2), we get
V, <2~/ j=d=n72,

Applying the Littlewood—Paley inequality (2.1), we obtain

Tl::ZTxZ Z Z ‘flhl|2

2

n<J n<J [sl=n Iep”(s)
‘1
7
|z e
n<J |s|=n Iep(s)
q
< Y 2Map=Oy, <o (3.13)

n<J
By (3.9) and (3.5) (or (3.12)), we have

T2:=) T, <) o~ (r=1/p+1/g)pn/q @A~ Z, y)rla

n>J n>J

< 27(r7]/p+1/q)pj/qj(d71)%(27(r+1/q)JJ7(d71)/2)l_p/q <27
Lemma 3.7 is proved. [

Lemma 3.8. Supposethatl <q <2, f e MH' ,and (1/p—1/q)+ <r < 2/p—1)/q. Then
we have

d—1
If — Ga(Hllg <2~ JhaeTizg

Proof. Let! = [u(d — 1)log, J], u = . By (3.3) we have

1
p(r+1/q)

If =GhDllg< Y Tt Y Ti=T +T1".

n<J+l n>J+l
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Using Lemmas 3.3 and 3.5 with r = 2, we get

T = Z T, < Z 2—(rp—(2—p)/q)n/2n(d—1)/2Vqlfp/z
n<J+H n<J+H
< 27 Jd=1/25=1p=C2=p)/@)/2 <2—rjjm.

Using Lemma 3.5 with 1 = max(p, ¢g), we obtain

"= Y T,< Y, 2= P=t=p) @/t @=D/ty =P/t <o piirsire
n>J+l n>J+l

Lemma 3.8 is proved. [
Lemma 3.9. Suppose that1 < p,q <2, f e MH" ,andr = (2/p — 1)/q. Then we have
If = G Hllg <277 74D 1og, J.

Proof. Let! = [u(d — 1)log, J], u = q/2. By (3.3) we have
||f—GZ1(f)||q < Z T,,+ZT =T1+T7T2=T1+ Z T, + Z T,

n<J n>J J<n<J+ n>J+l
=T1+T3+T4. (3.14)
Using (3.13) and Lemma 3.3 we get
T1:= Z T, < Z 2Mapd=D12y, o= gd=h/2, (3.15)
n<J n<J

Using Lemma 3.5 with 1 = max(p, ¢g), we obtain
T4 < Z 2—(rp—(t—p)/q)n/tn(d—1)/!Vql—l’/f <27 jd=b/2,
n>J+l

Using Lemma 3.5 with ¢ = 2 again, we get
T3 < Z 2= (P=C=p) /2, (@=D/2y 1=P2 ] p=r] jd=1)/2

J<n<J+
<277 Jd=D2 00, .
Lemma 3.9 is proved. [
Lemma 3.10. Supposethatl <q <2, p>gq, f € MH ,and 2/p—1)+/q <r<(2/q—1)/q.

Then we have

If — Gh(f)llg <27 g0/,

Proof. Applying (3.14) and (3.15), we get
If = Gh(Pllg <277 7=V 4 12,
Using Lemmas 3.3 and 3.5 with ¢t = 2, we obtain
T2 Y 27 @o/on/2y @02y 1=p2 g o=rd jd=D/2,

n>J

Lemma 3.10 is proved. [J
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Proof of Theorems 1 and 2. The lower estimates of the quantities SUP ¢ epw, | f—GhL(f, ‘I’d)||q
are given in Lemmas 2.1 and 2.2; the upper estimates of the quantities sup ;. MW | f=GPL(f, | q

and SUP f empr, \f — GL(f, ‘I’d)||q are given in Lemmas 3.6-3.10. Theorems 1 and 2
are proved. [J
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